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In this paper we develop a new mathematical model for the lateral vibration of an
axially compressed visco-elastic rod. As the basis for this model we use a fractional
derivative type of stress–strain relation. We show that the dynamics of the lateral
vibration is governed by two coupled linear differential equations with fractional
derivatives. For a special case of the generalized Kelvin–Voigt body, this system
is reduced to a single fractional derivative differential equation (Eq. (19)). For a
class of problems to which (19) belongs the questions of the existence of a solution
and its regularity are analyzed. Both continuous and impulsive loading are treated.
 2002 Elsevier Science (USA)
1. CONSTRUCTION AND DISCUSSION OF THE MODEL
There are many mathematical models of visco-elastic rods. In general, the
moment curvature relation for a visco-elastic rod is derived from the stress–
strain relation for the material of the rod together with an assumption
inherent in the rod theory, i.e., the plane cross-section hypothesis or some
generalization of it. Our intention in this section is to use the fractional
derivative type of stress–strain relation to derive the moment curvature
constitutive relation for a visco-elastic rod. Thus, we assume that the stress
and strain in a uniaxial state of stress are connected by the constitutive law
σt + bDβt σt = E0εt + E1Dαt εt	 (1)
In (1) we use σ to denote the (uniaxial) stress, ε the strain, and t the time,
and b
E0
 E1
 α, and β are constants. Also, in (1) we use Dαt · to denote
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FIG. 1. The coordinate system and cross-sectional quantities.
the αth order derivative, 0 < α < 1, deﬁned as (see [1]).
Dαt εt ≡
dαεt
dtα
≡ εα = 1
1− α
d
dt
∫ t
0
εη
t − ηα dη
 (2)
where  is the Gamma function. The thermodynamic considerations require
(see [2]) that E0 ≥ 0
 E1 > 0
 b > 0
 E1/b ≥ E0, and α = β. Thus, we
assume that σ and ε are connected by
σt + bDαt σt = E0εt + E1Dαt εt	 (3)
Equation (3) is a generalized model of the standard visco-elastic body and
is sometimes called the Zener model of visco-elastic bodies. Consider a
rod made of material described by (3). Suppose that the rod axis is initially
straight and that it lies in the x¯−B− y¯ plane (see Fig. 1.). Let ξ−η be the
principal axes of the cross section of the rod with ξ lying in the x¯− B − y¯
plane and η being orthogonal to it. Let z be the distance of an arbitrary
point P from the η axis on the cross section. Then, by using the plane
cross-section hypothesis, the strain at the point P is (see [3])
εzt = z/r = ∂ϑ/∂Sz
 (4)
where r is the radius of curvature of the rod axis, ϑ is the angle of rota-
tion of the cross section, and S is the arc length of the rod axis. In (4) we
assume that the normal cross sections of the rod in the undeformed state
remain normal in deformed state, too (we neglect the inﬂuence of the shear
stresses). By substituting (4) into (3), multiplying the result by z, and inte-
grating over the cross section of the rod A, we obtain the moment of the
internal forces in an arbitrary cross section as
Mt + bDαt Mt = E0I
∂ϑ
∂S
+ E1IDαt
∂ϑ
∂S

 (5)
where I is the second moment of inertia; i.e., I = ∫A z2 dA. When b =
E1 = 0 we obtain from (5) classical Bernoulli–Euler constitutive equation
for elastic rods.
The equilibrium equations for an element of a rod of length dS lead to
∂H
∂S
= −qx

∂V
∂S
= −qy

∂M
∂S
= −V ∂x
∂S
+H ∂y
∂S
−m
 (6)
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where S ∈ 0
 l is the arc length of the rod axis (l being the length of
the rod); x and y are coordinates of an arbitrary point on the rod axis
in the deformed state along the x¯ and y¯ axes, respectively; H and V are
components of the contact force (representing the inﬂuence of the part of
the rod 0
 S on the part S
 l) along the x¯ and y¯ axes, respectively; and
qx
 qy , and m are the intensities of the distributed forces per unit length
of the rod axis along the x¯ and y¯ axes and the intensity of the distributed
couple, respectively. Next we identify the distributed forces and couples as
inertia forces and couples so that
qx = −ρ
∂2x
∂t2

 qy = −ρ
∂2y
∂t2

 m = J ∂
2ϑ
∂t2

 (7)
where ρ is the (line) density of the rod, J is its moment of inertia, and t is
the time. In what follows we shall, for simplicity, neglect the rotary inertia
term; i.e., we set J = 0. By using (7) in (6) we obtain
∂H
∂S
= ρ∂
2x
∂t2
 ∂V
∂S
= ρ∂
2y
∂t2
 ∂M
∂S
= −V cosϑ+H sinϑ
∂x
∂S
= cosϑ ∂y
∂S
= sinϑ	
(8)
To system (8) we adjoin the constitutive equation (5). The boundary con-
ditions corresponding to the system (5), (8) read (see Fig. 1)
Hl
 t = −Ft M0
 t = 0 Ml
 t = 0
x0
 t = 0 y0
 t = 0 yl
 t = 0	
(9)
The trivial solution to the system (5), (8), (9) is the solution in which the
rod axis remains straight. Thus, the trivial solution reads
H0 = −Ft V 0 = 0 M0 = 0
x0S
 t = S y0S
 t = 0 ϑ0S
 t = 0	
(10)
Let the solution to (5), (8), (9) be written in the form H = H0 +
&H
 	 	 	 
 ϑ = ϑ0 + &ϑ, where &H
 	 	 	 
 &ϑ are perturbations, assumed to
be small. By substituting this into (8) and neglecting the higher order terms
in the perturbations &H
 	 	 	 
 &ϑ, we obtain
∂2&M
∂S2
=−ρ∂
2&y
∂t2
− Ft∂
2&y
∂S2

&M + bDβt &M =E0I
∂2&y
∂S2
+ E1IDαt
∂2&y
∂S2


(11)
subject to
&M0
 t = 0 &Ml
 t = 0 &y0
 t = 0 &yl
 t = 0	 (12)
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Introducing the dimensionless quantities
u= &y
l

 m = Ml
E0I

 τ = t
√
E0I
ρl4

 λ = Fl
2
E0I


ξ= S
l

 µ = b
(
IE0
ρl4
)α/2

 µ1 =
E1
E0
(
IE0
ρl4
)α/2


(13)
the system (11), (12) becomes
∂2m
∂ξ2
+ λ∂
2u
∂ξ2
+ ∂
2u
∂τ2
= 0

m+ µDατm =
∂2u
∂ξ2
+ µ1Dατ
∂2u
∂ξ2
	
(14)
The boundary condition (12) becomes
m0
 τ = 0
 m1
 τ = 0
 u0
 τ = 0
 u1
 τ = 0	 (15)
We assume that (14) holds for ξ ∈ 0
 1 and τ ∈ 0
∞. Also, in (14), µ
µ1,
and α are real constants and λt is a known function representing the axial
force applied at the end ξ = 1 of the rod.
System (14), (15) represents the central result of this section. It describes
a lateral vibration of a compressed visco-elastic rod made of a material
whose behavior is given by (3). Due to the form of (3) the moment cur-
vature relation cannot be obtained in explicit form, as is the case in other
models of visco-elastic rods (see [4], for example). Thus, we have to deal
with the linear system of partial differential equations with fractional
derivatives.
Let us assume the solution to (14), (15) to be in the form
m = ∑
k≥1
UktXkξ
 u =
∑
k≥1
TktYkξ	 (16)
By substituting (16) into (14), (15) we conclude that Xkξ = Ck sinkπξ
and Ykξ = Dk sinkπξ, k = 1
 2
 	 	 	 
 where Ck and Dk are constants.
Without loss of generality we choose k = 1 (the ﬁrst mode of vibration)
and obtain U1 = U T1 = T 
Utπ2 + π2λT t − T 2t = 0

Ut + µDαt Ut = −π2T t − µ1π2Dαt T t

(17)
where T 2 = d2T/dt2. The solution to the fractional derivative system of
equations (17) determines the motion of the rod. We shall be concerned
with special case of the system (17) that corresponds to the generalized
Kelvin–Voigt body; that is, we assume µ = 0. The case µ = 0 will be treated
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in another paper. It is reported in [5] that this model (i.e., (3) with b = 0) is
in good agreement with experiments for certain range of frequencies. With
µ = 0 in (17) we have
T 2t + γT αt + π2π2 − λT t = 0
 (18)
where γ = π4µ1. The differential equation (18) is of type
T 2t + γT αt +ωT t = 0
 t ≥ 0
 (19)
where γ > 0 and ω = π2π2 − λ are known. The initial conditions for (19)
we assume to be
T 0 = T0
 T 10 = T ′0	 (20)
The special case of the initial value problem (19), (20) when ω = const. and
T0 = 0 was treated in [6]. Note that the initial value problem of the type
(19), (20) has importance in classical particle mechanics, too (see [7], for
example).
For applications, the interesting case is the one in which the force F =
F0 = const	 is subjected to an impulsive change of intensity F1 at the time
instant t0. Therefore F = F0 + F1δt − t0, where δ is the Dirac distribution
and the support of δt − t0 is t0. Thus, we may say that the initial value
problem (19), (20) is only one of several similar mathematical models which
describe different processes in physics and engineering. That is the reason
to consider a more general equation
T 2t + γT αt +ωT t +Aδt − t0T t = Qt
 t ≥ 0
 (21)
where γ > 0, 0 < α < 1, ω ∈ , A ∈ , and Q ∈ Lloc (Lloc denotes
the space of locally integrable functions) with the initial conditions (20).
Many authors have treated this equation in the case A = 0, subject to
special Q and special initial conditions. Let us mention before all others
[8, 9] with their exhaustive references. They use the classical Laplace trans-
form to ﬁnd solutions to (21) for t > 0. Consequently, they suppose the
existence of C ∈ + and a ∈  such that Qt ≤ Ceat
 t ≥ 0. Let us
remark that we need solutions to (21) for t ≥ 0. (not for t > 0). This differ-
ence is important by reason of mathematical rigorousness; we make sure of
it later on. One can ﬁnd quite a different method in [10] and [11]. A linear
and closed operator is elaborated which maps L2 into L2 based on
the Fourier transform. It gives also “generalized solutions” if t ≥ 0. This
method can be generalized, but restrictions come with the Fourier trans-
form. To avoid restrictions on Q and on possible solutions we decided on a
generalization of the Laplace transform [12, 13] deﬁned for hyperfunctions.
The space of hyperfunctions is a very large space: it contains locally inte-
grable functions, distributions, ultradistributions, etc., and is very suitable
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from the mathematical viewpoint. But the theorem that we prove gives also
the conditions when the classical Laplace transform sufﬁces and when we
do not need hyperfunctions (cf. the comment at the end of Subsection 2.3).
The formalism of this generalized Laplace transform is just the same
as for the classical Laplace transform, and frequently the well-elaborated
results of the classical Laplace transform can be used when dealing with it.
2. SOLUTIONS TO (21)
2.1. Hyperfunctions, Laplace Hyperfunctions,
and the Laplace Transforms of Them
We repeat in short the relevant material from [12, 13, and 14].
2.1.1. Let ƆU denote the space of holomorphic functions on the open
set U in the complex plane . Then B0
∞ = Ɔ\0
∞/Ɔ is the
space of hyperfunctions with support in 0
∞. Any equivalence class F,
represented by F ∈ Ɔ\0
∞, is considered to be a hyperfunction f . F
is called a deﬁning function of f .
Let O be the radial compactiﬁcation of the complex plane. Then, for
an open set V ⊂ O, OexpV  is the space of holomorphic functions F of
exponential type on V such that F is holomorphic on  ∩ V , and on each
compact set K ⊂ V , Fz ≤ CeHz, z ∈ K ∩ , with constants H and C.
The space Bexp0
∞ of Laplace hyperfunctions with support in 0
∞ is deﬁned
by
B
exp
0
∞ = OexpO\0
∞/OexpO	
A function f ∈ Bexp0
∞ is represented by a function F ∈ OexpO\0
∞,
f = F = F + V
 V ∈ OexpO.
2.1.2. The Laplace transform fˆ ξ = ˜f ξ of f = F ∈ Bexp0
∞ is a
function deﬁned by
˜f ξ = fˆ ξ =
∫
L
e−ξzFzdz ∈ ˜Bexp0
∞

where L is a path composed of a ray from eiα∞ to a point c < 0 and a ray
from c to eiβ∞ with −π2 < α < 0 < β < π2 . The Laplace transform is an
isomorphism Bexp0
∞ → ˜Bexp0
∞.
The natural mapping, the restriction ρ Bexp0
∞ → B0
∞, is surjective, but
not injective; the kernel of ρ is Bexp∞, therefore we have the natural isomor-
phism: B0
∞ ∼= Bexp0
∞/Bexp∞ and ˜B0
∞ ∼= ˜Bexp0
∞/˜Bexp∞. In this way
we obtain that every locally integrable function g, every distribution g
 	 	 	
without any growth condition, may be extended to a Laplace hyperfunction
g˜ with support in 0
∞ and has the Laplace transform.
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2.1.3. Let g ∈ Lloc. We denote by θg the corresponding member
in B0
∞ (θ stands for the Heaviside function) and by ˜θg ∈ Bexp0
∞ an
extension of θg on 0
 ∞.
2.1.4. Denote by Cexp0
∞ the space of all continuous functions q on
0
∞ satisfying qx ≤ CeHx, H ∈ 
 x ≥ 0. Then one can prove that
the classical Laplace transform, denoted by  , of the function q ∈ Cexp0
∞,
qs = ∫∞0 e−stqtdt, belongs also to ˜Bexp0
∞ (cf. Theorem 1 in [12]).
Let q˜ denote the Laplace hyperfunction for which ˜q˜s = ∫∞0 e−sxqxdx,
then q˜ is the extension of θq on 0
∞. We will use this property in the
following.
2.1.5. The delta distribution δ imbedded in Bexp0
∞ is δ = − 12πi 1z . We
denote it by
δαx =
{
Dαδx
 α = 0
 1
 	 	 	 

x−α−1+ /−α
 α = 0
 1
 	 	 	 
 α ∈ +.
Then ˜δαξ = ξα, α ∈ + ∪ 0, and ˜δx− x0ξ = e−x0ξ, x0 > 0.
If f
 g ∈ Lloc0
∞, then θf ∗ θg = θ˜f  ∗ θ˜g−∞
∞ = θf ∗ g, where
f ∗ g = ∫ t0 f t − τgτdτ is the convolution.
2.2. Construction of the Solution to (1.21)
Since δ can be treated as a measure, (21) has a meaning if T ∈ C0
∞.
Then δt − t0T = T t0δt − t0 (cf. [15, Vol. 1]). In view of Green’s for-
mula we have
D2θtT t = θtT 2t + T 10δt + T 0δ1t
= θtT 2t + T ′0δt + T0δ1t

DαθtT t = 1
1− α
d
dt
∫ t
0
t − τ−αT τθτdτ
= 1
1− α
d
dt
θt
∫ t
0
t − τ−αT τdτ
= θtT αt + 1
1− α limt→0+
∫ t
0
T τ
t − τα dτ δt	
If 1
1−α limt→0+
∫ t
0 T τ/t − τα exists, then we denote it by Tα
 0. Let us
remark that Tα
 0 = 0 if T is bounded on 0
 ε for an ε > 0.
With the notation introduced in Subsection 2.1.3 the equation in B0
∞,
which corresponds to (21), is
D2θT t + γDαθT t +ωθT t
= T0δ1t + T ′0 + Tα
 0δt −AT t0δt − t0 + θQt	 (22)
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Applying the Laplace transform to (22) we have (cf. Subsections 2.1.2 and
2.1.5)
˜θ˜T s = T0s + T
′
0 + Tα
 0
s2 + γsα +ω −
AT t0e−t0s
s2 + γsα +ω +
˜θ˜Qs
s2 + γsα +ω + ˜qs
 (23)
where q ∈ Bexp∞.
Let F be the function belonging to Cexp0
∞ deﬁned by
F = −1
(
1
s2 + γsα +ω
)
t
 F 1 = −1
(
s
s2 + γsα +ω
)
t
(cf. [17]). We will denote by φ ∈ Bexp0
∞.
φ = ˜−1
(
1
s2 + γsα +ω
)
t
 Dφ = ˜−1
(
s
s2 + γsα +ω
)
t	
Then φ−∞
∞ = θFt and Dφ−∞
∞ = θF 1t (cf. 2.1.4). Conse-
quently, by Subsection 2.1.5 it follows from (23) that
θT t = T0θF 1t + T ′0 + Tα
 0θFt
−AT t0θFt − t0 + θF ∗Qt (24)
and
T t = T0F 1t + T ′0Ft −AT t0θt − t0Ft − t0
+
∫ t
0
Ft − τQτdτ
 t ≥ 0	 (25)
We know that F0 = 0, consequently T ∈ C0
∞ and Tα
 0 = 0.
2.3. Properties of the Constructed Solution
We give an analytic form for the function F deﬁned by −11/s2 +
γsα + ω to prove some properties of the constructed solution which are
important for the character of the solution. We start with
Case ω > 0. Applying a well-known idea (cf. [16]) we have
1
s2 + γsα +ω =
∞∑
k=0
−γk 1
s1−αk+1
(
s
s2 +ω
)k+1
	 (26)
It can be proved by Theorem 29.3 in [18] or Theorem 2, p. 305, in [17,
Part I] that
−1
(
1
s2 + γsα +ω
)
t =
∞∑
k=0
Dkt
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where
Dkt= −γk
∫ t
0
t − τk1−α
k1− α + 1cos
√
ωτ∗k+1 dτ

k= 0
 1
 	 	 	 
 t ≥ 0

(27)
and we have another expression for F in the case ω > 0 (denoted by F+),
F+t =
∞∑
k=0
Dkt
 t ≥ 0	 (28)
Here G∗k stands for G∗k = G ∗G ∗ · · · ∗G
 k-times!
. The series in (28) converges
uniformly on every compact set 0
 a
 a > 0. Let us examine derivatives
of the function F+, deﬁned by (28), in an open interval 0
 a
 a > 0. Fix
a p ∈ . For this p there exists a kp such that kp1 − α − p > 0. Then
F+t can be written as
F+t = D0t + · · · +Dkp−1t +
∞∑
k=kp
Dkt
 t ≥ 0	
It is easily seen that Di ∈ C∞0
∞
 i = 0
 	 	 	 
 kp−1. Therefore we restrict our
attention to Dk
 k ≥ kp. Under the above assumptions
D
p
k t = −γk
∫ t
0
t − τk1−α−p
k1− α − p+ 1cos
√
ωτ∗k+1 dτ
 t > 0

and ∣∣Dpk t∣∣ ≤ γk tk1−α−p+k+1k1− α − p+ k+ 2 
 t > 0
 (29)
because of cos√ωτ∗k+1t ≤ tk
k+1 
 t ≥ 0. Consequently, the series
∞∑
k=kp
D
p
k t
converges uniformly on any interval 0
 a
 a > 0. Thus F ∈ C∞0
∞. We next
claim that F ∈ C20
∞. Note that D0 ∈ C∞0
∞. However, for D1 we have
D
2
1 t = −γ
∫ t
0
τ−α
1− α
(
cos
√
ωt − τ
−√ω
∫ t−τ
0
sin
√
ωt − τ − u cos√ωudu
)
dτ

D
3
1 t = −γ
t−α
1− α + −γ
∫ t
0
τ−α
1− α
d
dt
(
cos
√
ωt − τ
−√ω
∫ t−τ
0
sin
√
ωt − τ − u cos√ωudu
)
dτ	
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This shows thatD1 ∈ C20
∞ andD1 ∈ C30
∞. SinceD0 ∈ C∞0
∞,D1 ∈ C20
∞,
and every Dk ∈ C20
∞, k ≥ 2, (cf. (29)) it follows that F+ ∈ C20
∞ as well.
But the derivative F 1+ ∈ C10
∞ ∩ C∞0
∞. By (29) it follows that F+
 F
1
+ , and
F
2
+ belong to C
exp
0
∞, as well.
Case ω = 0. It is well known that the inverse Laplace transform of
1/s2 + γsα
Re s > γ1/2−α, is the function
F0t = tE2−α
 2−γt2−α
 t ≥ 0
 (30)
where
E2−α
 2−γt2−α =
∞∑
k=0
−γt2−αk
2k− αk+ 2
is Mittag–Lefﬂer’s function of two parameters, and for x2−α
 x ≥ 0, we
take the principal branch (see [19, p. 210]). Since
E2−α
 2−γt2−α =
1
γt2−αα +Oγt
2−α−2
 t →∞

where 0 < α < 2, F0t = tE2−α
 2−γt2−α ∈ Cexp0
∞.
The ﬁrst derivative of F0 is
F
1
0 t =
d
dt
tE2−α
 2−γt2−α = E2−α−γt2−α

and the second derivative is
F
2
0 t = −γ2 − αt1−α
d
dz
E2−αz
∣∣∣∣
z=−γt2−α

 t ≥ 0

where E2−αz = E2−α
 1z. Hence, F0 ∈ C20
∞ and F0 ∈ C30
∞. By the
properties of Mittag–Lefﬂer’s function it follows that F0
 F
1
0 
 F
2
0 ∈ Cexp0
∞.
Case ω < 0. Then Dkt given in (27) has the form
Dkt = −γk
∫ t
0
t − τk1−α
k1− α + acosh
√−ωτ∗k+1 dτ
 t ≥ 0
 (31)
and F− (F− is F in the case ω < 0) is now
F−t =
∞∑
k=0
Dkt
 t ≥ 0
 (32)
where Dk is given by (31).
F− has the same properties as F+ and F0; namely, F−
 F 1− 
 F
2
− ∈ Cexp0
∞
and F− ∈ C30
∞. The proof is just the same as that in the case ω > 0.
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Comment. We can now analyze the obtained solutions (25)–(32).
In the general case T ∈ C0
∞ ∩ C10
t0. The solution to (21) is the distri-
bution "T deﬁned by T . The second derivative of "T exists only in a general-
ized sense (as a distribution or as a hyperfunction) because of the behavior
of the second derivative at zero.
In some special cases the situation is the following:
If T0 ≡ T 0 = 0, A = 0
 Q ∈ Cexp0
∞, then T ∈ C20
∞ ∩ Cexp0
∞ and
T 1
 T 2 ∈ Cexp0
∞. Hence, T is a classical solution and it can be obtained
by classical Laplace transform. We do not need hyperfunctions and the
generalized Laplace transform.
If T0 = 0 and A = 0, then T ∈ C10
∞ ∩ C20
∞ and the solution to (21)
is the distribution "T deﬁned by T , because T 2t does not exist at t = 0.
In this case we can also consider the classical Laplace transform but the
obtained solution is valid in the classical sense only for t > 0.
If we take in series (28) only a ﬁnite number of terms, we can easily
estimate, by (29), the error of the approximation.
2.4. Uniqueness of the Solution to the Initial Value Problem
Suppose that we have two different solutions T1
 T2 ∈ C0
∞ ∩ C10
ε,
for an ε > 0, with the same initial values T10 = T20 = T0 and
T
1
1 0 = T 12 0 = T ′0. The difference v = T1 − T2 ∈ C0
∞ ∩ C10
ε,
v0 = 0, v10 = 0, and vα
 0 = 0. Then θv satisﬁes the equation
D2θvt + γDαθvt +ωθvt = −Avt0δt − t0
in B0
∞.
The unique solution to this equation in B0
∞ is, because of (25),
θvt = −Avt0θFt − t0

and
vt = −Avt0θt − t0Ft − t0
 t ≥ 0	
Since F0 = 0, it follows that vt0 = 0. Consequently vt = 0
 t ≥ 0.
Hence T1t = T2t
 t ≥ 0.
To obtain the uniqueness in Lloc0
∞ ∩ C10
ε we have to add a new
supposition, namely, that T1t0 = T2t0.
2.5. The Main Theorem
We can summarize the results we have obtained in the following theorem.
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Theorem. The solution to the initial value problem (21), (20) is the reg-
ular distribution deﬁned by the function T given by (25), where Ft =
−11/s2 + γsa + ωt
 t ≥ 0 ( for F see [17]). One of the forms of F is
given by (28), (30), and (32). The function T in the general case belongs to
C0
∞ ∩ C10
t0.
If T0 ≡ T 0 = 0,A = 0, and Q ∈ Cexp0
∞, then T ∈ C20
∞ ∩Cexp0
∞. Thus T
is a classical solution and can be obtained by the classical Laplace transform.
If T0 = 0 and A = 0, then T ∈ C10
∞ and the solutions to (21) is the
distribution deﬁned by T .
The found solution is unique if we ask to be deﬁned by a T ∈ C0
∞ ∩C10
ε
for an ε > 0 or if T ∈ Lloc0
∞ ∩ C10
εand T t0 is a value common for
all solutions.
Remark 1. This result can be enlarged to the case when there are more
than one impulsive force acting at different time instants.
Let Aj ∈ 
 j = 0
 1
 	 	 	 
 k, and 0 < t0 < · · · < tk. We consider the
initial value problem
T 2t + γT αt +ωT t +
k∑
j=0
Ajδt − tjT t = Qt
 t ≥ 0

subject to T 0 = T0
 T 10 = T ′0. Then in the same way as in the case
k = 0 we have
T t = T0F 1t + T ′0Ft −
k∑
j=0
Ajθt − tjFt − tjT tj
+
∫ t
0
Ft − τQτdτ
 t ≥ 0	
Remark 2. This theorem can be applied to (19). We have only to take
Qt = 0
 t ≥ 0.
3. CONCLUSIONS
In this paper we derived differential equations of the lateral vibration
of visco-elastic rod made of a material described by a stress–strain relation
of the type (3). The resulting equations, which are new, are given by the
system of (14), (15).
For the system of (14), (15) we assume the solution to be in the form (16)
so that the time evolution is governed by the system of two fractional-order
ordinary differential equations (17).
The special case where system (17) reduces to (18), which is in turn a
special case of Equation (21), was analyzed in detail. Our main result is
stated in the Theorem of Section 2.5.
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1. We classiﬁed the cases that can be treated by the classical Laplace
transform. Also, we showed that the initial condition T0 = T 0 = 0 leads
to generalized solutions for which it is necessary to use a space larger than
C20
∞ to obtain the solution.
2. Speciﬁcally, [6] analyzed the equation
T 2 + γT α +ωT = 0
 (33)
where ω ∈ . Our main results for this equation are given by (25) where
F is given by (28), (30), and (32). In [6] the solution to (33) for different
values of γ
 α, and ω is presented graphically and the difference between
elastic and visco-elastic behavior can be seen.
We comment on the mechanical background of the case ω < 0. If the
stress–strain relation of the material is taken in the form σ = E0ε+ E1εα
and if the compressive force is taken in the form F = const	, then ω < 0
corresponds to the case F > Fcr = π2E0I/l2. Here Fcr is the Euler buckling
force calculated with the E0 modules, I is the moment of inertia of the rod
cross section, and l is the length of the rod.
Another point concerning the physical interpretation of the results is
related to the physical validity of the system of (14), (15). Namely, in writ-
ing (14), (15) we neglected higher order terms (see the comment after
Eq. (10)). Thus, our results are valid for motion in the “neighborhood” of
the trivial conﬁguration. The validity of the linearization can be estimated
if we keep nonlinear terms in (10). This leads to a system of nonlinear,
fractional-order partial differential equations, whose analysis is outside the
scope of this paper.
3. Equation (21) or its special cases describe other phenomena in
mechanics. Thus our results may be used in the study of these problems
(see [7], for example).
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